
334 AIAA JOURNAL VOL. 11, NO. 3

Analysis of Airplane Response to Nonstationary Turbulence
Including Wing Bending Flexibility

YOSHINORI FUJIMORI* AND Y. K.
University of Illinois, Urbana, III

Response of an airplane to atmospheric turbulence is determined analytically assuming that the turbulence
field is a nonstationary random process. Specifically, the excitation field is modeled as a uniformly modulated
process which is a stationary process multiplied by a deterministic envelope function. This model offers great
versatility to fit different geographical peculiarities and flight missions. The airplane is idealized as a multiple-
degrees-of-freedom linear system, and detail calculation is given for the plunging, pitching, and wing bending
modes. The formulation follows Priestley's framework of evolutionary spectral analysis, generalized to include the
evolutionary cross spectra. Numerical results are presented graphically as the mean-square frequency spectra of
modal responses at different times, for both displacement and acceleration type of response.

Introduction

THE dynamic response of airplanes to atmospheric turbulence
has been a major concern to aeronautical engineers especially

for the design of modern flexible airplanes. Numerous studies
have been documented since the 1950's assuming that the
turbulence field is a stationary random process. (For a biblio-
graphy of such studies in the United States, see, for example,
Ref. 1.) Only very recently has an attempt been made to consider
nonstationary excitations.2 As in most pioneering works, the
analysis in Ref. 2 was restricted to the simplest case of a single
degree of freedom, considering just the rigid plunging motion of
a vehicle. However, other degrees of freedom must be taken into
account in certain practical situations, especially for large air-
planes. The present paper is devoted to the development of an
analytical framework for computing multimodal response of a
flight vehicle in a nonstationary turbulence field. For this
purpose, the concept of evolutionary spectrum of Priestley3 will
be used and generalized to that of evolutionary cross-spectrum
for the description of several nonstationary random processes.
To illustrate the application of analytical results derived herein,
numerical computation will be carried out for plunging, pitching
and wing bending modes.

I. Evolutionary Spectral Analysis of Response of a
Multidegree-of-Freedom Linear System

For a linear system, the input-output relationship may be
expressed as follows:

The components of Y can be written as follows

•y __
t-T)]X(T)<fr (1)

where
\ = (XlfX2,X3,....Xn) = an input vector
Y = (YltY2,Y3,...Yn) = the corresponding output vector

[h] = matrix of impulse response functions, an n x n matrix
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(2)

The cross-correlation function of Y- and Yk is simply

wnM-IlfTJ\ I/ fcV 2/J Z-rZ-i
m / JO JO

^jm( t l~~T l )^fc/(^2~T2)^T l^T2 P)

where £[ ] denotes an ensemble average.
We shall assume that every input component has a Stieltjes

integral representation:

_ f°°
J — oo

where Am(i, a}),m= 1,2,..., n are suitable deterministic functions
and Xm are complex-valued random processes with orthogonal
increments; that is,

2 , 2

E[dXm(o>)dX*(a>)-] = %,m/M^ ( }

where an asterisk indicates the complex conjugate. We see that
every Xm is a nonstationary random process except for the special
case where the Am function reduces to a constant. Since all com-
ponents of the input vector are real-valued, we may also write

poo

Xl(i}=\ Afr.atie-^dZfto)) (4a)
J — oo

Then substituting Eqs. (4) and (4a) into Eq. (3), we obtainM=ii r rr /UT^^-T^*.^ x
m I J - oo L J 0

J 2A f*(T2 ,(u)/ikXf2-T2)e- t oT2rfT2 L (6)

Denoting

MJm(t,a>)= \ Am(t-x^}hjm(i}
Jo

Equation (6) can be expressed alternatively :

(7)

= IE I""
m I J — o

The quantity
(8)

(9)

will be called the evolutionary cross spectral density function
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of the responses Yj at time t1 and Yk at t2. An evolutionary
cross spectral density for two nonstationary random processes is
a logical generalization of Priestley's evolutionary spectral
density of a nonstationary random process.3 When k =j the
right-hand side of Eq. (8) reduces to an autocorrelation function.
Further letting t1 = t2, Eq. (8) becomes a mean-square value, and
Eq. (9) reduces to an evolutionary spectral density. Therefore,
an evolutionary spectral density gives the frequency distribution
of the mean-square value of a random process at a given t.

II. Application to Flight Vehicle
Consider the equations of motion of an airplane

2t;j=Qj, j=l,2,...,n (10)
where

MJ = Js J 4>j2(x,y)p(x,y)dx dy = jth generalized mass
Qj = ]s J (pM (*• * 0 + F°(x> y> 0} <l>j(x, y) dx dy

= jth generalized force
FM = lift per unit area due to motion of the airplane
FG = lift per unit area due to vertical gust velocity
£. = jth generalized coordinate

(/>j = jth mode
o)j — jth natural frequency

p = mass per unit area of the airplane
S = domain where ̂  is defined

($j = damping coefficient in jth mode
The functions FM and FG depend on the geometry and speed of
the flight vehicle. In principle, they can be determined
numerically, perhaps rather tediously, for every vehicle con-
figuration and flight regime. For the purposes of the present
study, however, we shall make the following approximations :
F M ( x , y , t ) = -np0bZ(x,y,t)/2-

np0U (11)

f r
r W(x-Vtl,y}itf(t~tl)dtl (12)
Jo

where
Z(x, y,t) = ̂  0y(x, y)£j(t) = total response

j
(/>(£) = Wagner's function
\l/(t) — Kussner's function

b = one-half of the reference chord length
U = the airplane forward velocity

W(x — Ut, y) = vertical gust velocity
p0 = air density

As is customary, x and y are body coordinates whose origin is
the gravity center of the entire airplane, which is assumed to fly
in the negative direction of the x axis with a constant forward
speed U. The dependence of the gust velocity W on x—Ut
implies that we have assumed a "frozen" turbulence field, a
reasonable assumption for flight vehicle response analysis. When
the chord length has a span-wise variation, we may choose a
suitable reference chord 2b representative of the aerodynamic
characteristics of the wing.

It is of interest to comment on the physical implication of the
approximate expressions (11) and (12). Equation (11) gives the lift
change due to the disturbed motion of the airplane. Equation (12)
represents the lift change due to a vertical gust W, if the airplane
were to remain at the steady forward flight. These are assumed
to depend only on the local motion and local gust velocity,!
and they are taken to be of the same forms as those for a two-
dimensional incompressible flow.4 For the Wagner and KUssner
functions, appearing in Eqs. (11) and (12), we shall use the
approximation4

<£(s) = 1 -0.165 £>-0-0455s-0.355£T0-3s

\l/(s)= 1-0.5 £>-°-13s-0.
J In a more refined analysis the lift change at a particular point

(x, y) would depend on the flow over the entire airfoil.

where 5 = Ut/b. No claim is made of the accuracy when Eqs. (11)
and (12) are applied to a practical airplane geometry, but they
appear to be reasonable assumptions for the present study.

Using Eqs. (11) and (12) to compute the generalized force
J* we obtain

QMJ(t) = -

(13)

(t-tJdtA \W(x-Utvy}(t)j(x,y)dxdy
o Js*

(14)
where

<t)j(x,y)<l>m(x,y)dxdy

Now, Laplace transform of Eq. (10) yields
Mjp2tj(p) + PJP£>) + M,(oftjp) + np0U^ A J ,

m L

7 = 1 , 2 , . . . , * (15)

where the terms related to QM>j have been moved to the left-hand
side. It is seen from Eq. (15) that motion of the jth mode is
coupled with that of other modes ; therefore, we must solve the
matrix equation

The solution of Eq. (16) is given by

I'1 QG» (I?)

where Cjm\ = the determinant of matrix [Cjm] and a^ = the
cofactor of element cjm.

Taking the inverse Laplace transform of Eq. (17), we have

where
*.„,<«) ̂ -'(ajJCj-1)

Comparing Eqs. (2) and (18), we see that QGm plays the role
of the input Xm and £7- the role of the output Yr Thus, using
Eqs. (3) and (14) we obtain

E[W(xl-Ua1,y1)W(x2-U(r2,y2)~]<l>m(x1,y1)>

(t>l(x2,y2}dx2dy2dxldy^ (19)
Although the gust velocity W is a nonstationary random

process, we shall assume that it can be factored into the following
product:

W(x-Ut,y) = C(x- Ut,y)G(x-Ut,y) (20)
where C(x— Ut,y) = a deterministic envelope function and
G(x— Ut, y) = a stationary random process. A nonstationary
random process having the above representation is called a
uniformly modulated process,3 the nonstationarity being the
result of amplitude modulation. We shall assume that the
stationary factor G of the gust has a cross-spectral density
function <$(CL>, £, rj) as follows:
0(w,£,f/) = 2(nU)~ 1aG

2LGQxp(-ioj^/U){(4a2r1(w/U)2r1
2 x

K2(at,/LG) + (2ar2(ar]/LG)l3K1(ar]/LG)-(ari/LG)x (21)
K2(an/LG]\}

where
£ = X l_x 2 , r] = y1-y2

OG = root mean square value of G(x— Ut,y), LG = turbulence
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scale of G, a = [l + (LGco/£/)2]1/2, and K1 and K2 = modified
Bessel functions of the second kind. This cross spectral density
is related to the correlation function of G by
E[G(xl-Utl,yl)G(x2-Ut2,y2)'] =

j: }dco (22)

Equation (21) was obtained by Lin5 for a homogeneous and
isotropic gust field.

A uniformly modulated process, such as the one given in
Eq. (20), admits the Stieltjes integral representation of the type
of Eq. (4). In particular,

f °W(x-Ut,y) = C(x - Ut, y) eia)t dG(w, x, y) (23)

It can be shown by using Eqs. (20) and (22) that
E[dG(a)1,x1,y1)dG*(a>2,x2,y2)'] =0, co1 ^ co
E[dG(co,x1,yl)dG*(a)2,x2,y2)'] = <5>(o)^frj)da

Therefore, C(x — Ut,y) in Eq. (23), although independent of co,
plays the role of Am(t,ui) in Eq. (4), and O(co,£,f/) the role of

(24)

.
For most applications, the envelope function of a uniformly

modulated process is a slowly varying function of its argument
(or arguments). For the present study, we shall choose a versatile
form as follows :

C(x-Ut,y) = Cole^-^-e^-^UUt-x) (25)
where C0 = normalizing constant, a, /? = arbitrary constants,
and 0 ̂  a < $

l(Ut-x) = for Ut-x<0
Ut-x>0

This form of envelope function has been used in the previous
investigation where only the rigid plunging motion was con-
sidered.2 It was also used by Shinozuka6 to characterize earth-
quake excitations. As is implied in Eq. (25), the nonstationarity
of the process in the y direction has been neglected. This is a
reasonable simplification since the change of statistical property
of a gust field over a distance of the order of the normal size
of an airplane should be quite small.

Introducing, for convenience, the following new notations :

(26)

iff((j)Qxp [ — (/co— aC/)<7] da

The cross-correlation function of the generalized responses ̂  and
<^ can now be expressed as

(19a)

where

O^^MM^a^^M^^^r^co)] (27)
The quantity defined by Eq. (27) is the evolutionary cross
spectral density function of they'th and /cth generalized displace-
ments at time instants t± and t2, respectively. The mean square
value of each modal response can be evaluated as the special case
of j = k and t± = t2, and by carrying out the integration in
Eq. (19a). The correlation of the total response at (x^y^ and
(x2,y2) is given by

E[Z(x1,y1,t1)Z(x2,y2,t2)~] =
IZ <M*i, J>i)0*(*2,3>2)£K/f i){*(f 2)] (28)
j k

The correlation of the derivatives of the modal responses can
be obtained by

£KA^){*w(f2)] = ^"EtefaK&MdtSdtS (29)
provided that the right-hand side of Eq. (29) is bounded where
J and K are non-negative integers and

tjU\t) = djt;j(t)/dtj

Substitution of Eq. (19a) into Eq. (29) results in

= \
J —

(30)

where

and
J (J

J

JMJ.w^(r1,co)xMfc/>/(r2,co)] (31)

The function ^j^j^i.t^a)) has an even real part and an odd
imaginary part with respect to co. It is clear from Eq. (30)
that when t1 = t2 = t only the real part contributes to the integral.
In the numerical example to be discussed later we shall be
concerned particularly with the following quantities :

VDtJk(t, co) = Re [4>,.fc;0)0(f, t, co)] = Re [*FJk(f , t, co)] (33)
2t2(t,t,a>)-] (34)

III. Response of an Airplane with a Swept-Back Wing
To illustrate the application of the analytical results derived

in the preceding sections, we shall choose a rather simple con-
figuration which, nevertheless, epitomizes the characteristics of a
practical airplane. We consider here an idealized airplane with a
swept-back wing, as shown in Fig. 1, a shape common for large,
high-speed vehicles. The wing carries an attached mass which is
distributed uniformly along the x axis over a length 2b, and which
does not contribute to the wing rigidity. The wing has a bending
rigidity El, and a mass distribution m per unit length in the y
direction. Both El and m are assumed to be constant. We shall
assume that the wing bending mode shapes may be approximated
by those of a cantilever beam with a skewed "effective root."4

The following three degrees-of-freedom will be considered :
plunging: Wi(x,y) = 1
pitching: w2(x,y)=—x
fundamental wing bending :
w3(x,y) = S1e-niy/l +

where
x / _ fcos A — sin A~j Jx
yj |_sin A cosA_|(>>

cos A
— sin A

sn A~| f
cosA_|(y

for

for y < 0

(35)

(36)

Fig. 1 An idealized model
of an airplane.
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where

Fig. 2 New coordinate system.

and A is the sweep angle. Denote: mF = distributed fuselage mass
per unit length along x axis; pw = distributed wing mass per
unit area; MT = 2MF + 2ml = the total mass; MF = bmF = one-
half of fuselage mass; m = 2bpwcos A =. wing mass per unit span;
R = MF/ml = ratio of fuselage mass to wing mass. The co-
efficients S1, S2, S3, S4 and the constant Q3 in the expression for
w3 can be computed from the mass ratio R. The natural frequency
corresponding to the fundamental wing bending mode is given by

o)3 = (Q3//)2(£//m)1/2 (37)
and those of plunging and pitching rigid modes, w± and a)2, are
known to be zero. The characteristic functions (j)t required for
the computation of the generalized masses, generalized forces,
etc., are obtained by normalizing the shape functions w f ; that is,

(t>i(x,y) = Niwi(x,y) (38)
where JV; is determined from

p(x,y)(l)i
2(x,y)dxdy = MT (39)

For convenience of calculation, we shift the origin of the co-
ordinates to the front tip of the wing (see Fig. 2). It can be
shown that the distance cg from the new origin to the gravity
center is

cg = b + [lsm A/2 (R + 1)] (40)
We then calculate the geometrical coefficients and normalizing
constants from Eq. (39) and from

(41)

&ij=NiNj6ij (42)
The constants Atj are required for the computation of the
following matrix which appears in the expression for the Laplace
transforms of impulse response functions:

7(p)A2i, M2J

_7(p)A3i, 7(P)A3

7(P)A13

7(P)A23 (43)
M3p2-hM3oj3

2

where /(p) = 7ip0U\_p2(j)(p) + (b/2U)p2^ and </>(p) is the Laplace
transform of Wagner's function which is given by

1 0.165 0.335
' p p + 0.0455 (7/6 ~ p +0.3 (7/6

It can be shown that f(p) may be expressed as follows:
7(p) = P(#3P3 + #4P2 + #5P + #6)/(P + #i)(p + #2) (44)

where
A j = 0.5, A2 = 0.2807575((//6),
B1 = 0.0455((7/6), 52 - 0.3((7/6),

B5 =

A3 = 0.01365((//6)2

= np0(b/2)

B6 =
Then after a straightforward algebraic manipulation the Laplace
transformation of impulse response function is reduced to the
following form :

,

= Z EiM (45)

and Eijtl = 0 when either i = 3, or j = 3, or both. The
denominator in Eq. (45) is the determinant of matrix [Cjm] and
the numerator is the cofactor of the (i,j) element of this matrix.

Let the characteristic roots of matrix [Cjm\ be 7 i , 7 2 , - - . , ) ; i i
and let yu =0. We obtain the following general form for the
impulse response function :

,

= Z ^ (46)

where
N(u)

/ty,m = I Etjtf
k= 1

and M(i,j) is equal to 10 when either i = 3, or j = 3, or both,
and for any other combinations M(i,j) = 11. From the symmetry
of matrix [Cjm\, we see that§ /^.(T) = /^(T).

The roots y\,y2>--- >y\Q are either real or in complex conjugate
pairs. If ym and ym+ { are a pair of conjugate roots, the correspond-
ing coefficients Aijtfn and Aijtm+1 in Eq. (46) must also be a
conjugate pair since the resulting sum must be real.

The impulse response function, Eq. (46), and the following
derivative of Kiissner's function

can now be substituted into the second equation of (26) resulting
in

M,, — M /x

0.13
-0.13(7/6-z.

1

0.13

0.13
(- 0.13(7/6-

1
( (7/6 - / w + a (7) ( L7/6 + y f) '

0.13 1
- 0.13(7/6-

(47)

The computation of the function 0mn>a/j(w), the first equation
of (26), involves the modified Bessel functions which appear in
the expression for O(w,f,^), Eq. (21). To obtain some physical
insight into an approximate expression for <S>(o},^tr\) to be pro-
posed later, let us consider first the following two limiting cases:
the case of LG -> GO and the case of LG -> 0. As can be seen
from Eq. (21), when LG is very large, O decreases as l/LG. Thus,

lim O(co,^,f /) = 0

This is reasonable since a forcing field with an infinite correlation
length does not cause a disturbance to an airplane. On the other
hand, when LG is very small, we may use

lim zKi(z) = 0 lim z2K2(z) = 0

in Eq. (21). Thus, we are led also to
lim O(o>,£,*7) = 0

^G^O

§ This property may not hold true when more accurate aerodynamic
forces are considered.
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Table 1 Physical data for numerical example

Fig. 3 Displacement evolutionary
spectra—plunging mode.

10

Physically, this means that the effects of many minute un-
correlated disturbances on a large airplane tend to cancel each
other. Therefore, an airplane does not respond to a turbulence
field with either an extremely large or an extremely small
turbulence scale. The same observation was previously made by
Fung.7 Actually, zero response for both LG->0 and LG->oo
comes from a zero input spectrum.

In most practical applications we are interested in those cases
where LG remains finite but

\1/LG\ < 1
Noting that as z -> 0,

zK,(z)^l z2k2(z)-+2
we find that, for negligibly small r]/LG\,

0(Gj,<U)«0>)£TI'ft*/l/ (48)
where

. °G2LG l+l(wLG/U)2

~dVU/ '~ 27iL/ |
This <£d function is known as Dryden's spectrum, and it has
been used in a previous analysis where only the plunging motion
was considered.2 Of course, O would reduce to Od if co^/U were
negligibly small. However, this further simplification would result
in unacceptable errors especially in computing the wing bending
response.

Substitution of Eq. (48) into the first equation in (26) yields

where

*dxdy (50)

From straightforward integrations, we obtain

A/sinAexp(A/sinA)-2]/(A3tanA)

where
A = a—ico/U

/ - 42 ft
b = 1 f t

A -30°
U = 400 m.p.h. (586.6 fps)

El = 1.2 x 109 lb-ft2

pw = 2.5 slugs/ft2

R = 3
O> - 1.955
LG - 750 ft

a = 0 . 1 x l O ~ 3 f t - 1

j ? = = 0 . 4 x l O " 3 f t - 1

a)3 = 13.63 rad/sec

= Q3//cosA, At = ,4 tan A
A0 =

2 = N3S1[exp(2M-A1)-exp(Ao)]/(^-ft3sinA/0
C = 2S2[AcosA1+Q3sinA1sinA//)exp(2M)-

(^cosA0-Q3sinA0sinA//)]J/V3

(A sin A0 + Q3 cos A0 sin A//)] N3

{[C(A tan A cos Q3 + Q3 sin Q3 sin A/0 +
S(A tan A sin Q3 - Q3 cos Q3 sin A//)] x
exp (Al sin A)- CA tan A + §Q3 sin A//}/04,2 + Q3

2

IV. Numerical Examples
The physical data used for numerical calculation are given in

Table 1. The structural damping is assumed to be zero.
The evolutionary spectral densities for the generalized dis-

placements are shown in Figs. 3-5 for the plunging, pitching, and
fundamental wing bending, respectively. The results for the
plunging and pitching modes show a similar frequency distri-
bution where high-level responses are found in the neighborhood
around the zero frequency. The evolutionary spectral densities
for fundamental wing bending depicted in Fig. 5 exhibit marked
differences from those of the rigid modes. These curves show
two dominant peaks, one around 1 rad/sec and another at the
fundamental natural frequency for wing bending. Clearly, the
first peak is due to the high energy content of the input in the
low-frequency region and the second peak is due to the high
transmittancy of energy near the first bending frequency. The
spectral level tapers off very rapidly beyond this frequency.

The results for plunging and pitching acceleration shown in
Figs. 6 and 7 again resemble each other, but their general trend
with respect to frequency co is quite different from the correspond-
ing displacement spectra. As time increases, there is a gradual
shift of spectral distribution from lower frequency to around
frequency co = 1 rad/sec. The result for the bending mode
acceleration shown in Fig. 8 exhibits only one peak at the
fundamental natural frequency of the wing bending.

The evolutionary cross spectral densities for two different
modes such as plunging-pitching, plunging-bending, etc. for both

Fig. 4 Displacement evolutionary
spectra—pitching mode.

Fig. 5 Displacement evolu-
tionary spectra—wing funda-

mental bending.
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Fig. 6 Acceleration evolu-
tionary spectra—plunging

mode.

displacement and acceleration response have also been computed
but not graphically presented herein. These are generally
complex-valued, and both the real part and the imaginary part
may be either positive or negative at given t and CD. However,
for the present numerical example, the absolute values of these
evolutionary cross-spectra were found to be insignificant when
compared with the evolutionary spectral densities shown in
Figs. 3-8; therefore, their contribution to the total mean-square
response is negligible.

Concluding Remarks
The primary purposes of the present paper are to derive the

basic general formulas required for a nonstationary analysis of
vehicle response to atmospheric turbulence when several degrees
of freedom in the airplane motion are considered, and to demon-
strate the feasibility of such an analysis. These objectives have
been accomplished even though rather sweeping simplifications
were made in regard to structural and aerodynamic character-
istics, to avoid being bogged down with computational details.
If the theory is to be used for practical designs then much
more accurate evaluation of structural and aerodynamic para-
meters will be necessary. However, refinements along these lines
should not be too difficult with modern high-speed digital
computers. For example, the assumptions for uniform distri-
bution of mass along the fuselage and along the wing span, for
uniform wing bending stiffness, for the negligibility of wing

Fig. 7 Acceleration evolu-
tionary spectra—pitching

mode.

10"

KT

t=IO

t=3

A
K) 20 10 20 10 20 10 20 W

rod /sec

Fig. 8 Acceleration evolutionary spectra—wing fundamental bending.

torsion and the substitution of cantilever beam bending modes
for swept wing bending modes are all oversimplifications, but
with recent advancement in matrix methods of structural analysis
and the availability of an electronic digital computer any con-
figuration can be handled quite adequately. On the aerodynamics
side, the vortex method for numerical computation of unsteady
lift and the extension to the double-lattice method8 can be
applied to arbitrary lifting surfaces, including nonplanar ones.

Nevertheless, certain features in the results of the present
simplified analysis, Figs. 3-8, are expected to remain unchanged
when a more accurate account is taken of structural and aero-
dynamic parameters. Among these, we mention the high spectral
levels in the very low-frequency region for rigid-body displace-
ments, the presence of double peaks for the elastic displacement
mode, and, in the case of acceleration responses, the energy shift
from lower frequencies resulting in a single peak for both rigid
and elastic modes.
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